Abstract Single-epoch relative GPS positioning has many advantages, especially for monitoring dynamic targets. In this technique, errors occurring in previous epochs cannot affect the position accuracy at the current epoch, but careful processing is required, and resolving carrier phase ambiguities is essential. Statistical ambiguity resolution functions have been used to determine the best values of these ambiguities. The function inputs include as a minimum the known base station position, the approximate roving antenna ''seed'' position, and the dual-frequency carrier phase measurements from both receivers. We investigate different solutions to find the ambiguity function inputs that achieve the highest ambiguity resolution success rate. First, we address the rover seed position. A regionally filtered undifferenced pseudorange coordinate solution proves better than a double-differenced one. Multipath errors approximately repeat themselves every sidereal day in the case of static or quasi-static antennas; applying a sidereal filter to the pseudorange-derived positions mitigates their effects. Second, we address the relative carrier phase measurements, which for medium to long baselines are significantly affected by ionospheric propagation errors imperfectly removed during differencing. In addition to the International GNSS Service ionospheric model, we generate a local pseudorange-based ionospheric correction. Applying this correction improves the quality of the phase measurements, leading to more successful ambiguity resolution. Temporally smoothing the correction by means of a Kalman filter further improves the phase measurements. For baselines in the range 60-120 km, the mean absolute deviation of single-epoch coordinates improves to 10-20 cm, from 30-50 cm in the default case.
Introduction
Using single-epoch GPS positioning has many advantages in high-multipath and restricted sky visibility situations, especially when monitoring dynamic targets where sudden and unpredictable movements occur. In this technique, each data epoch is processed independently and so measurement errors and outages occurring in previous epochs cannot affect the current epoch's accuracy. However, double-differenced GPS carrier phase measurements are biased by an unknown integer number of cycles, often called the double-difference ambiguity. Resolving this ambiguity efficiently and correctly remains one of the greatest challenges, especially for epoch-by-epoch GPS applications where the number of observations is limited by the number of observed satellites at each epoch. A variety of ambiguity resolution functions has been introduced (Kim and Langley 2000) . These functions attempt to resolve the ambiguities for each epoch of processed data separately. On occasion, there may not be any redundancy in the observations and then the goodness of fit of the ambiguity resolution cannot be tested. As a result, strict attention must be paid to the other positioning errors such as receiver-dependent biases, satellite-dependent biases, and signal propagation biases, i.e., ionospheric and tropospheric delays. These errors must be eliminated to ensure M. Assiadi (&) Á S. J. Edwards Á P. J. Clarke School of Civil Engineering and Geosciences, Newcastle University, Newcastle upon Tyne NE1 7RU, UK e-mail: mhsayady@yahoo.ca correct ambiguity resolution and thus obtain the highest possible accuracy.
For relative GPS over medium to long baselines of 30-100 km, the residual error budget is dominated by ionospheric propagation errors (Lejeune et al. 2012 ). We develop a local code pseudorange-based ionospheric zenith delay correction model to augment the IGS 2D ionospheric model. These models are used to provide improved a priori roving antenna coordinates and corrected double-difference carrier phase observations. We examine different methods of derivation of the local model, and the effects of these ionospheric models and of regional and sidereal position filtering techniques on the success of positioning. Finally, we examine the use of Kalman filtering to reduce noise in the local ionospheric model by temporal smoothing.
Positioning algorithm and choice of initial coordinates
This research uses the GPS ambiguity search program (GASP) single-epoch software developed at Newcastle University (Corbett and Cross 1995) . GASP uses the ambiguity function method (AFM) for resolving the double-differenced phase integer ambiguities (Counselman and Gourevitch 1981; Mader 1992) . The AFM relies on the assumption that all the errors that affect the GPS carrier phase are mitigated, so the double-differenced phase observation equation is of the form:
Here, u j i t ð Þ is the carrier phase double-difference observation on frequency i from two receivers and satellite j relative to an arbitrary reference satellite, q j is the computed or estimated double-difference geometric distance, N j i is the double-difference initial integer ambiguity, c is the speed of light, and f i is the signal frequency.
The AFM search volume is formed around the roving antenna's initial seed position, which may be specified a priori for a static or slow-moving antenna, or computed using the GPS pseudorange observations in the case of a highly dynamic antenna. Within the search volume, candidate positions are tested using the ambiguity function value (AFV) statistic. For a single epoch of data spanning a baseline, the AFV at a test rover position (x, y, z) can be represented as follows (Counselman and Gourevitch 1981) :
where n f is the number of observation frequencies, and n s is the number of observed satellites. In our case, n f = 2.
Because the AFV depends on both GPS frequencies individually, the ionospheric effect should be eliminated before evaluating this function, or the baseline should be limited to a length less than 10 km for which the ionospheric errors are effectively removed when differencing is applied (Counselman and Gourevitch 1981) . The trial coordinates are found by adding increments to an initial antenna seed position. The creation of the search volume in GASP uses four chosen satellites, the highest elevation satellite as a reference and the other three satellites that together with the reference satellite give the best positional dilution of precision (PDOP) geometry. The volume includes all the possible positions as the doubledifference carrier phases are perturbed by integer numbers of cycles within a specified search range, in our case, 5 cycles surrounding the rounded values at the seed position. For the method to work, it is heuristically found that the seed coordinates should be within ± 1.2 m of the correct final position.
In contrast to the trial volume determination that only uses the four ''best'' satellites as described above, the ambiguity function search for the best rover location involves L1 and L2 observations of all of the possible double-differenced observations for all the satellites above the minimum allowed elevation angle. A statistical F test is performed on all of the successful candidate positions, which have an AFV greater than the specified threshold, to identify the final correct position for each epoch. The ratio of each candidate position's a posteriori residual variance to that of the minimum variance candidate position is tested at 5 % significance. If another candidate position is indistinguishable from the minimum variance candidate, then the epoch is rejected.
Equation (1) assumes that all observational biases have been removed, which we attempt as described here. We use International GNSS Service (IGS) Final satellite orbital positions and clock data (Kouba 2009 ). Satellite and ground antenna phase center offsets are removed from the undifferenced measurements using IGS values, as are elevation-and azimuth-dependent ground antenna phase center variation corrections (Schmid et al. 2005) . The undifferenced measurements are also corrected for the relativistic Sagnac effect (Leick 2004) , for the ionospheric propagation error using the IGS single-layer global model and mapping function (Schaer 1998) , and for the hydrostatic neutral atmosphere delay using the Saastamoinen model and Niell mapping function (Saastamoinen 1972; Niell 1996) . Inter-frequency code pseudorange biases are corrected using the calibration values associated with the IGS ionospheric model. Remaining atmospheric, receiver and satellite hardware, and clock biases are negligible in the code pseudorange solution, and are largely cancelled in the carrier phase solution by applying the double-differencing technique, as are solid earth tidal deformation effects.
In this research, different single-epoch pseudorange solutions have been tested to find the best inputs for the GASP ambiguity function, namely the rover antenna seed position and the corrected GPS phase observations (2). These inputs may be obtained by solving double-differenced or undifferenced pseudorange observation equations (Table 1) . Our base ''solution 1'' is a relative single-frequency pseudorange solution where we solve for the rover coordinates and receiver clock term only (as described above, the IGS single-layer ionospheric model is applied to all measurements before any differencing takes place). Second (''solution 2''), we additionally use the geometryfree undifferenced pseudorange observables at the base station and rover to solve for pseudorange-based ionospheric models on each satellite individually, to absorb the residual ionospheric effect that is not described by the coarse IGS model, which has 2.5°latitude and 5°longitude resolution. Alternatively, solution 3 uses the pseudorange observation equations on both frequencies to solve directly for residual zenith ionospheric delay, simultaneously with the antenna position and clock, at the base and rover separately. Solution 4 augments solution 3 by applying a regional filter to the rover coordinates, based on the apparent displacement of the base station, to remove residual positioning errors in the pseudorange solution at the rover. Finally, solution 5 incorporates a sidereal position filter to absorb repeating errors in the rover position at the geometry repeat interval of 86,154 s (Ragheb et al. 2007 ).
The five different processing strategies used in this research are summarized in Table 1 . In this table, f 1 and f 2 are the two GPS signal frequencies on L1 and L2, C 1 , P 1 and P 2 are pseudorange measurements on L1 and L2 frequencies, U 1 and U 2 are carrier phase measurements on L1 and L2 frequencies in metric units, U 1c and U 2c are their ionosphere-corrected equivalents, q is the geometric distance between satellite and ground antennas, c is the speed of light, and dT is the receiver clock error in seconds, I R is the residual zenith ionosphere delay on the L1 frequency in meters, c i is the unitless scale factor for converting Table 1 Combinations of pseudorange observable used to generate seed positions, and residual ionospheric corrections to the carrier phase, used by the GASP ambiguity function ionosphere delay from L1 to frequency i (77 2 /60 2 for L2), M(e) is the ionospheric mapping function dependent on elevation only, X m0 and X f0 are the apparent instantaneous coordinate vectors of the rover and base station, respectively, estimated from the pseudorange solution, X ft and X mt are the ''true'' (IGS) base station and rover position vectors, X r is the estimated regionally filtered rover coordinate vector, X rp is its value on the previous mean sidereal day, and X s is the estimated regionally and sidereally filtered rover coordinate vector. Superscript j in solutions 1 and 2 denotes double-difference measurements along a baseline for satellite j with respect to a chosen reference satellite; all quantities without this subscript are undifferenced.
Test dataset and results
To study the GASP software positioning accuracy over medium and long baselines, data from a set of 10 International GNSS Service (IGS) sites in California have been processed. Table 2 and Fig. 1 show the processed stations and baselines. To avoid the possible effect of day boundaries, data have been analyzed for the middle 21 h of the tested days making a total of 2,520 epochs per day (at 30-s intervals). Here, we present the data for day 66 of year 2007, which are typical of the data spanning years 2007-2011 that we tested.
Three main statistics have been computed to study the effectiveness of each of the processing strategies described above. The first is the median absolute deviation (MAD) of the final estimated coordinates around the ''true'' position. MAD is used rather than the root mean square deviation, because the latter is unduly sensitive to large outliers. The second statistic is the percentage of epochs for which ''good'' results are obtained, defined as those which give 3D positioning accuracy better than 10 cm. The third is the percentage of the epochs for which the GASP software reports ambiguity resolution success, i.e., those for which the AFV is greater than the threshold value 0.9. For the position comparison, the ''true'' station position coordinates have been taken to be those published on the Scripps Orbit and Permanent Array Center (SOPAC) Web site. The solution methods in Table 1 have been examined to decide which will give the best positions and ambiguity resolution success rates. Figure 2 shows the results of using these methods on the test dataset. Figure 2 indicates for most baselines a progressive improvement in positioning as the complexity of the method increases from the basic solution 1 to solution 5. For short baselines less than 25 km, this improvement is not particularly noticeable in the MAD statistic because more than half of the epochs are within 10 cm of the true position for all solutions, but it is visible in the other measures of success. Using the geometry-free observable to generate a local ionospheric model (solution 2) improves the results from the double-differenced code solution (solution 1); as might be expected, this improvement is small for the short baselines for which double-differencing effectively removes the ionospheric error in the carrier phase solution, but more appreciable for baselines in the range 50-120 km. In contrast, the undifferenced pseudorange trial coordinate solution (solution 3) gives significantly better final carrier phase positioning results than the double-differenced pseudorange trial coordinate solution (solution 2), even though both methods include a residual ionospheric model estimate. We attribute this to several factors. First, the trial coordinates are less noisy than those of solution 1 or solution 2, and so there is a greater chance of them falling within the range necessary for a successful solution. Second, the residual ionospheric model applied to the carrier phases is more precise and robust because it consists of a single zenith delay derived from dual-frequency pseudorange data of all satellites rather than individual values for each satellite derived from their dual-frequency code pseudoranges, and so there is greater redundancy in the observations. It can be also concluded from Fig. 2 that applying regional and sidereal filters to the trial coordinates (solutions 4 and 5) has a positive effect on the GASP carrier phase positioning results. In the case of regional filtering (solution 4), this improvement is very small except for the MAD of the final coordinates of baselines around 100-120 km. For sidereal filtering, the improvement in MAD and epoch success rate is more pervasive, but this technique can only be applied when reliable data from the preceding day are available and for antennas which have moved sub-decimeter amounts in relation to nearby multipath reflectors over this time. Figure 3 shows a comparison between the solutions 2 and 3 trial positions and the true station coordinates for a 60-km baseline. The improvement seen in the solution 3 trial positions may be partly because multipath and other site-specific errors are magnified in the case of a doubledifferenced solution as two stations are involved. Also, more data are available for use in the undifferenced solution than in the double-differenced solution, as there is no need to restrict the observations to shared satellites only.
Applying Kalman filtering to the ambiguity function inputs
The ionosphere is not expected to change rapidly from epoch to epoch (Enge and Misra 1999) ; therefore, it is possible to smooth the code-based residual ionospheric delay model values by combining results over time. A good way to do this is to employ a Kalman filter, which provides an efficient estimation of a dynamic system state from a series of noisy measurements (Kalman 1960; Kalman and Bucy 1961; Maybeck 1979) . The Kalman filter employs a dynamic model, usually represented by a transition matrix, to predict the state vector and its covariance, and an observation model to correct the predicted state, and has found widespread usage in GPS applications.
In our case, the state vector of unknown parameters consists of the rover position and velocity, receiver clock correction, and zenith ionospheric delay. Although we include position, velocity, and clock parameters, in the results presented, we assign very large process noise to them so that they effectively remain independent at each epoch. For the zenith ionospheric delay, we assign process noise of 0.001 m 2 , which we have experimentally found to represent a suitable balance between over-and underconstraint. The input ''observations'' to the Kalman filter are the results (rover position, receiver clock, and local zenith ionospheric delay correction, and their a posteriori full variance-covariance matrix scaled by the variance of unit weight) from the single-epoch undifferenced pseudorange solution (solution 3).
The position and zenith ionospheric delay outputs of the Kalman filter are used as the moving antenna initial position coordinates and to correct the GPS phase measurements, respectively, in the GASP software ambiguity function. Figure 4 shows the effect of applying the Kalman filter to obtain solution 3KF, compared with the previous (unfiltered) solution 3 results. Improvement in the MAD is seen for all baselines longer than 40 km, and there are improvements in the epoch success rate for the majority of short-and medium-length baselines. The net effect is that single-epoch positioning with a MAD of less than 20 cm becomes possible up to baseline lengths of around 120 km, which without the Kalman-filtered ionosphere was achieved only for baselines shorter than around 80 km. In some situations, e.g., monitoring of decimeter-level or smaller movements, sufficiently accurate seed coordinates will be available for the rover site without the need for a pseudorange-based position solution. In such cases, a local ionospheric model may still prove useful in the ambiguity search. To test this, we reprocessed the above solutions 1, 3, and 3KF using fixed precise IGS site coordinates as the seed positions input to the ambiguity search in place of the variable pseudorange-derived ones used previously. Results are shown in Fig. 5 . Barring minor differences caused by outlier rejection, the MAD of final coordinates does not vary with the introduction of the local ionospheric model. For baselines shorter than 80 km or longer than 150 km, the MAD is similar to that seen in the variable-seed solution 3KF, although for the longer baselines the number of final accepted solutions is small. For medium-length baselines of 100-140 km, the MAD of the variable-seed solution 3KF is somewhat better than the fixed-seed 3KFa, suggesting that the variable-seed positions are partially able to absorb any deficiencies in the IGS or local ionospheric models resulting in an ionospheric correction that is more compatible with the carrier phase data. However, at all baseline lengths in the fixed-seed solutions, we see a consistent improvement in the percentages of ''good'' epochs and those passing the AFV threshold test, when going from the IGS ionospheric model to the locally augmented ionospheric model whether epoch by epoch or with Kalman filtering. In comparison with Figs. 2 and 4, the success rate metrics are most similar to solution 3KF. This suggests that the majority of the improvement seen in solution 3KF compared with the original solution 1 is the result of improved seed coordinates combined with more compatible local ionospheric corrections, with the latter also being a significant factor affecting the availability of solutions.
Conclusions
Inclusion of a pseudorange-based estimate of local residual ionospheric delay, to refine the approximate rover antenna position and correct the carrier phase measurements, results in improved single-epoch GPS carrier phase ambiguity resolution and relative positioning for baselines longer than 30 km. Using an undifferenced pseudorange solution to obtain the seed position gives better results than using a double-differenced solution, as noise is reduced and more satellites are available to be used. More significant improvement arises from parameterizing the local ionospheric model as a zenith delay rather than using satellite-specific terms, because the single zenith parameter is more precise and robust. In this way, single-epoch position accuracy corresponding to a (MAD) of better than 20 cm can be achieved for baselines up to 80 km.
Applying regional and sidereal filters to the undifferenced pseudorange trial position solution improves the final positioning results by a small amount, but does not increase the baseline length for which a MAD of better than 20 cm can be achieved. However, sidereal filtering has drawbacks as it is only available in the case of a stationary or near-stationary rover antenna, where the GPS errors have sidereal repeat patterns. It also requires the availability of the data for at least one sidereal day before the processing epoch.
Applying a Kalman filter to smooth the estimates of ionospheric delay reduces the noise level on the local ionospheric model, which improves the quality of the corrected GPS phase measurements and hence the availability and quality of single-epoch position solutions. Following the application of this technique, single-epoch positioning with a MAD less than 20 cm becomes possible for baselines up to 120 km. At this performance level, single-epoch positioning becomes a viable technique for monitoring at regional scales of larger civil engineering structural motions such as wind and traffic loading, and ground deformations such as landslips and earthquakes. For these and other applications, our technique may be a useful alternative to conventional network real-time kinematic positioning (Leandro et al. 2011) , because infrastructure and subscription costs are reduced. Furthermore, in treating each epoch independently, the method is less sensitive to communications network outages, and the frequency of output positions may be tuned to the needs of the application rather than to the performance of cycle slip detection algorithms.
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